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ABSTRACT
We answer a question of T. Jech, showing that (1) there may exist weakly
precipitous filters in L, and (2) there may exist a weakly precipitous filter on
, in a set-generic extension of L. Hence, the existence of a weakly precipitous
filter on @, does not imply the existence of 0%,

1. Introduction

1.1. After [Si], [GH] established some bounds on the power of singular
cardinals. A typical application of [GH] is the following.

(A) Assume that X, is a strong limit cardinal. Then
2%, < R(2“)).

1.2. Let N: On — Cn = { = a|  is an infinite cardinal} be a normal func-
tional, and set C = Rg(/N). We shall let N’ denote the normal enumeration of
the class C’ of all the fixed points of N.

1.3. The following question was left open in [GH].

(B) Assume that R/, is a strong limit cardinal. Is there an “expressible”
bound on 2%, like for example 2%, < R’((2“)*).

1.4. In [JP], the answer to question (B) was shown to be positive if there

exists a precipitous filter on w;.
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1.5. The previous assumption has the consistency strength of the existence
of a measurable cardinal. Hence, the answer of [JP] is not done in ZFC.

1.6. [S] gets rid of the supplementary assumption, introducing a new kind of
filter, and shows the following:

(C) If Ry, is strong limit cardinal and there exists over w, a weakly pre-
cipitous filter, then 2%, < R’((2**)*).

(D) If R, is a strong limit and 2% .>(R/,)*, then there exists a weakly
precipitous filter on w,.

For (C), see [S, Theorem 6.6] and for (D), [S, Conclusion 4.14 and Theorem
4.15]. (D) is proven with the help of the covering lemma and of the following:

(E) If there exists a cardinal A such that A —((22*)*);°%, then there exists a
weakly precipitous filter on w,.

1.7. The filters in question are called “almost nice” in [S] and “weakly
precipitous” in [J].

Since a natural way to obtain such a filter is (E) above, a natural question is
the following, asked in [J]:

(F) Does the existence of a weakly precipitous filter on , imply the
existence of 0*?

1.8. We shall show that the answer to question (F) is negative. Our sequence
of results is as follows.

(1) We define semi-precipitous filters. Every semi-precipitous filter is
weakly precipitous.

Let us say that x is semi-precipitous (resp.: weakly precipitous) iff it bears a
semi-precipitous (resp. a weakly precipitous) filter. Then:

(2) If x is semi-precipitous, then L F “k is semi-precipitous”.

(3) Assume that 0* exists. Then: every Silver indiscernible is semi-
precipitous in L.

On the other hand, ZFC+ V =L F “if k is semi-precipitous, then «x is
inaccessible, indeed completely ineffable”. Hence, in order to obtain a semi-
precipitous filter on w,, we show
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(4) If x is semi-precipitous and P is a set of conditions having the x-
antichain condition, then V'* F “k is semi-precipitous”.

We also observe that “weakly precipitous” is, consistencywise, strictly
weaker that “semi-precipitous”, by showing

(5) ZFC + V =L F “if k is semi-precipitous, then, for some a <k, a is
weakly precipitous”, and quoting that x must be inaccessible.

Hence, we prove finally

(6) Assume that x is weakly precipitous and that P is a set of conditions
which satisfies the k-antichain condition. Then: V* k “k is weakly pre-
cipitous”.

2. Notations

2.1. On denotes the class of all ordinals. For a C On, ot(a) is the order-type
of a.

2.2. | X| is the cardinality of X. cof(4) is the cofinality of 1 € On.

2.3. If Ais a cardinal, H, is the set of all sets of hereditary cardinality strictly
less that 4.

2.4, If j is an elementary embedding, cp(j) is the critical point of j.
2.5. If p is a function, dom( p) is the domain of p and Rg( p) the range of p.

2.6. If Pis a set of conditions, B(P) is the boolean completion of P. If G is
P-generic over Vand a €V?, g, is the G-interpretation of a in V[G].

2.7. Coll(w, 6) is the set of all finite partial functions p : @ — 6, ordered by
reverse inclusion.

2.8. If A, Bare structures, 4 < B means that 4 is an elementary substructure
of B.

29. Let X be a set, and let F be a filter over X. We set Iz =
{S € X/X — S E€F} (the ideal dual to F),

F+=(SCXIS¢I;}={SCXIVEEF,SNE * J).

We also set B(F)= #(X)/I (the boolean algebra of F). For S C X, [S]¢
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denotes its class in B(F). We set [S]r = [T]r iff there exists some E € F such
that SNECT.

Note that B(F) — {0} is the separative ordered set associated with the (non-
separative) ordered set (F*, C).

For4 €F*, we denote by F[A] the filter generated on X by F U {4 }. Hence,
F[A]={SCX|3EEF,ENnACS).

2.10. Finally, if F is a filter on X and f, g €0n*, we set: f<pg iff
(x€X | fix)<g(x)}EF, f=rg iff {xEX|fix)=g(x)}EF and f=;g iff
(f=rgand g =¢f).

3. Weakly precipitous filters

3.1. xwill always denote an uncountable regular cardinal. All the filters over
Kk will be assumed to be normal. For the convenience of the reader, we recall
some definitions and facts from [S].

3.2. The game G(F, g, o). Let F be a normal filter over x. Let g € On* and
a € On. We consider the following game, denoted by G(F, g, @), of (potential)
length . Set Fy=F, go=g, ap=a. For 1 =i <w, the move number i of
player I will be a pair (4,, g;), with 4; C k and g; € On*, while the move of
player II will be a pair (F,, a;), where F;is a normal filter on k and «; € On. The
rules are as follows.

(@ For0=i<w, 4, €F)* and g, <g4,,, 1 &-

(b) ForO0=si<w, F;,, 2 F;[4;;]and a; ;1 < a;.
It is clear that, at some stage i < w, one of the two players is not going to be
able to play according to the rules. The first player to whom this happens has
lost the game. Hence, G(F, g, «) is an open and closed game — in particular it
is determined.

3.3. We shall shorten the expression “player X has a winning strategy in the
game G” to “X wins G”.

3.4. REMARKS.

(1) IfII wins G(F, g, a) and a« = 8, Il wins G(F, g, B).

(2) If Il wins G(F, g, o) and g’ =g, then Il wins G(F, g’, a).

(3) If I wins G(F, g, On) then, for some 6 €O0n, Il wins G(F, g, §).

 Indeed, setting 8 = 2* -TI, . |g(a) + 1|, we see that player I has essentially 6
partial plays in G(F, g, On), since we can always assume that all moves (4;, g;)
of I are such that g; €11, .. (g(a) + 1). Hence, a winning strategy for IT will yield
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at most 6 possible answers. Consequently, if II wins G(F, g, On), then, for
some § < 0%, Il wins G(F, g, J).

3.5. The game G*(F,g). We still let F be a normal filter over x and
gEOn*. GX(F, g) is a game of length w. It runs like G(F, g, «), but “forget-
ting” the a;’s. Le.: for 1 =i <w, player I plays (4, g;)€ 2(x) X On* and
player II plays a normal filter F; on k. The rules are as rules (a), (b) of §3.2, with
“a; .1 <a;” omitted.  wins G*(F, g) iff he (or she) can play w correct moves. If
not, then Il wins. Hence, G*(F, g) is a closed game.

3.6. REMARKS.
(1) It is clear that, if Il wins G(F, g, On), then Il wins G*(F, g).
(2) Conversely, if II wins G*(F, g), then Il wins G(F, g, On).

To see that, let o* be a winning strategy for II in G*(F, g). Let T be the
set of all finite sequences s =((4,,8),...,(4,,8,), where 4, Ck, gE
IT,..(g(e) + 1) and s is a correct partial play of I against 6* in G*(F, g). Let us
order T by end-extension, setting s<It iff s C ¢t and s # ¢. Since o* is a winning
strategy, < is well-founded on 7. Hence, (7, <) admits a (minimal) rank
function p: T—On. Set 6 =2*-T,.,.|g(a) + 1]. Since | T| = 8, there exists
J < 07 such that Rg(p) C 4. It is now clear that IT has a winning strategy, say o,
in the game G(F, g, 9): if I has played s = ((4,, 8)), . . . , (4., &,)), then II plays
o(s) = (F,, a,), where F, = 0*(s) and a, = p(s).

(3) Assume that II wins G*(F, (22")*) [where we denote by the same letter
the ordinal A and the constant function k — {A}]. Then, for all g € Or*, II wins
G*(F, g).

To see this, assume that II does not win G*(F, g). Hence, I wins G*(F, g).
Let 7 be a winning strategy for I in G*(F, g). II has at most (22) possible partial
plays against 7 [the number of filters on k]. Hence, I has at most (2¥°) possible
answers (4;, g;) according to 7. If we denote by X the union of the images of all
such possible g;, then | X| =2%. Hence, for some J <(2%")*, we have an
isomorphism #: X — 4. If we replace each g; by h o g;, we obtain from 7 a
winning strategy for I in G*(F, d), a contradiction.

3.7. Consequences. We summarize our remarks as follows. “For all g€
On*, 11 has a winning strategy in G*(F, g)” iff “For all g € On*, there exists
some «€ On such that II has a winning strategy in G(F, g, «)” iff “For all
0 <(2%)*, II has a winning strategy in G*(F, d)”.
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DEFINITION 1. Let F be a filter over k. F is weakly precipitous iff
(a) Fis normal,
(b) II wins G*(F, (22)*).

K is weakly precipitous iff there exists a weakly precipitous filter over «.

4. Semi-precipitous filters

4.1. We shall now consider a different property. Similar properties have
been considered in [S] and [S-1].

DEFINITION 2. Let A be a cardinal such that A > k. We say that x is
A-semi-precipitous iff there exists a set of conditions P such that the following
is forced over P: “there exists an elementary embedding j : H, — M, of critical
point x, such that M is transitive”.

Of course, H, means (H,)".
We shall now give a game-theoretic equivalence of A-semi-precipitousness.

DEFINITION 3. Let R be a set. We say that R is x-plain iff the following
holds:

(@ R#d,

(b) R is a set of normal filters over x,

(c) Foral FERand AEF*, FIA]ER.

4.2. The game Hg(F, 1). Let R be a k-plain set and g € On*. We define a
game, Hy(F, g), of length w, as follows. Set F, = F. For 1 =i < w, player I will
play as move number i a pair (4;, g;), where 4; C kand g; <r g, while player II
will play a pair (F;, y;), where F; €ER and y; € On. The rules are as follows:

(@) For0=i<w, 4,.,€(F)".

(b) For0=i<w, Fi | 2 Fi[4;4].

Assume that the game is over. Then, player II wins it iff for all i, k, n such
that 1=, k=n<w, (g <g&) = <n).

For A €E0n, Hy(F, 1) denotes the game H(F, cf), where cf : k — {4}.

If R is the set of all normal filters over k, Hg(F, g) will be denoted by
H(F,g).

THEOREM 4. Let 4 be a cardinal such that cof(A) > k. The following are
equivalent

(1) x is A-semi-precipitous.

(2) There exists a k-plain set R such that, for all FER, player II has a
winning strategy in the game Hy(F, A).
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(3) There existts a normal filter F on k such that Il has a winning strategy in
the game H(F, A).

ProOOF OF THEOREM 4. (2)—(3) is evident. Hence, we are going to prove
(1)—(2) and (3)—(1).

(1)~ (2). Assume that x is A-semi-precipitous. Let P be a set of conditions
satisfying Definition 2, and let 4 denote the boolean completion of P. Let
M, jEV4be such that |, “j: H, — M is an elementary embedding of critical
point x and M is transitive”. Let D € V“ be such that

Ik« D = {XEH, | X C kand x €j(X)}.

ForallpeAd — {0}, set F,={XCk | p F XED). Since D is forced to be a
V-normal, V-ultrafilter over k, F, is a normal filter over k.

CiamMm 1. (ap=q—F,CF,.
(b) SE(F,)* iff, for some ¢ = p, q |F SED iff, for some g = p, SEF,.
(c) Assume that S E(F,)*. Then: for some g = p, F,[A]=F,.

ProoF oF CLAIM 1. (a) and (b) are obvious. Hence, let us prove (c).
Assume that SE(F,)*. Set ¢ = | SED ||* A p. We claim that F,[S]=F,.
By (b), ¢ > 0. On the other hand, F,[S] C F, is obvious. Hence, let us prove
that F, C F,[S]. Assume not. Then, for some X €EF,, X & F,[S]. Hence, we can
find some Y C Ssuch that YE(F,)*but Y N X = . Since Y E(F,)*, we can
find some r €4 — {0} suchthatr < pandr | YED.Since Y C S, r |F SED.
Hence, r =q. Hence, r F X€D, YED, X N Y = &, a contradiction.
QED Claim 1

Hence, set R = {F, | pEA —{0}}. By Claim 1, R is x-plain. We have got to
show that, for all F€R, II has a winning strategy in Hr(F, A). We shall define
such a strategy, say o, as follows. First, we fix some p,€4 — {0} such that
F =F,. Assume that I plays, as first move in Hg(F,, 1), (4,, g), where
A,E(F,)* and g, : k — A. Let p, € Pand y, € On be such that p, =< p, p; |- 4, €
D and p, || j(g)(x) = 7,. The answer of II to this move, according to o, will be
the pair (F,,, 7). [Hence, II has played, not only (F,, y,), but (F\, ,, p,), where
F,=F,l]

Continuing in this way, we arrive, after n steps, at a move (¥, , y,, p,) of
player II. If I answers (4,.,, 8,+1), we let II play by o (F,,,,, ¥,+1), Where
(Dn+1 Vn+1) Ar€ 10 (A 11, 8ns 1 P) What (py, 7)) 18 10 (4y, &, Po)- We claim that
this strategy o is winning. For, assume that the play is completed, that i, k, » are
suchthat 1 =i,k <n <wand g <y, g. Set X = {a <« | gi(a) < g(e)}. Hence,
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X€EF,=F,. Hence, p, || k€j(X), hence p, || j(g )Nx)<j(& Xx). On the other
hand, p, = p;, px- Hence, p, |F v, < %. QED (1)—(2)

REMARK. Actually, the following stronger property is satisfied as well.
CLaM 2. If1 =i,k =n<w,then (g <g, &)< (i <)

PROOF OF CLAIM 2. Assume that g, 4z g;. Set X = {a <k lgk(y) = gi(a)}.
Hence, X €(F,)*. Hence, for some r < p,,r | XED. Asbefore, r || x €j(X),
hence, since r = p;, pi, T % =7 QED Claim 2

(3)—(1). Let us assume that (3) is true, and let F be asin (3). Set @ = A*and
P = Coll{w, 8) [P is hence the set of all finite partial functions p:w—86,
ordered by reverse inclusion]. We shall show that this set P satisfies Definition
2 for A. Let o be a fixed winning strategy for player II in the game H(F, 1). Let
G be a fixed P-generic set over V. Set § =(2(k) X A*)". In V[G], S is
countable. Hence, we can find a surjection 4 : w — {0} — S, such that, for all
SES, {i | h(i)=s} is infinite. Set, for i Ew — {0}, h(i) = (4;, g,)-

We are going to construct, in V[G], a V-normal, V-ultrafilter D on x, such
that ((H,)* N V)/D is well-founded, by playing a certain play of the game
H(F, 1) against ¢ [of course, the full play will not be in V, but every initial
segment of it will, being finite]. Hence, player II will always play according to
g, and we have to describe the moves of player 1.

Assume that 1 = n < w and that » — 1 moves have already been done. Say
that I has played ((C, g1), . - ., (C, -1, &, —1)), Where

(@ ¢ 2¢G,2---2C,_y,

(b) g1, ..., &, are as in the enumeration 4 of S
Assume that IT has answered ((F, 1), . . ., (F,_1, 7.-1)). We have got to define
(C,, &,). Let us first look at the pair (4,, g,) given by the enumeration 4.

Case 1. A, €(F,_)*.SetB,=A4,NC,_,(and Cy=xifn=1).

Case 2. A, €(F,_)*.SetB,=C,_ N(K—A,).

Hence, B, €(F,_,)"*.

Case a. Forno a€0n, (g,) "'({a})E(F,_\[B,])*. Set C, = B,.

Case b. For some aE€0n, (g,) "'({a})E(F,_|[B,])*. Let a, be the least
such o, and set C, = B, N (g,) ~'({a.}).

Hence, (C,, g,) is defined and C, €(F,_))*, C, C C,_,.

At the end of the w moves, set D = U {F, |n <w) and

D’={X€EV| X Ckand for some nEw — {0}, C, C X}.

CLAIM 3. D =D’and Dis a V-normal, V-ultrafilter on x.
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PrROOF OF CLAIM 3. (a) Clearly, D is a filter on 2(k)".

(b) D’C D.For,if C,C X Cxand XEV, then XEF,, since C,EF,.

(c) Assume that X € 2(x)". Then: X €D’ or (k — X)ED"’. To see this, take
some nsuch that ]l =n <wand X =4,. Hence, C, C Xor C, Cx — X.

(a), (b), (c) together show that D = D’ and D is an ultrafilter on 2(x)".

(d) D is V-normal. Since F C D, D is uniform. Hence, let f€ V such that
f:x—kand f is regressive. We have got to find some X € D such that f ! is
constant. Let n < w be such that f=g,. Since F,_,[B,] is normal and g, is
regressive, for some a <k, (g,) ~'({a})EF,_|[B,] *. Hence, we are in Case b.
Hence f 1, is constant and C, €D. QED Claim 3

Now, we can form the Ultrapower (H,)* N V/D [which is, in this case, equal
to (H;)* N H,)/D, since cof(4) > k]. The Theorem of Los is clearly true, since
we take all functions f: ¥ — H, such that f& V. Let this ultrapower be denoted
by M, and let j: H, — M be the canonical elementary embedding. Since D is
V-normal and uniform, j is of critical point k. Hence, it is enough to show the
following.

CLamM 4. M is well-founded.

ProoOF OF CLAIM 4. Assume not. Let (f;),., € V[G] be a sequence of
functions such that, for all n < w, f, €(H,)* N V and

{a<k|f(@ESf()}ED.

Note that H, C V, [this is obvious for regular 4, and is hence true for limit 2
too, by taking unions]. Hence, replacing if necessary each f, by the function
rank o f,, we can assume that, actually, for n <w, f,EA* N V. For n <w, let
i(n) be the least index i such that 1 £i <w and f, = g;». We claim that
Yiem+1) < Vieny [Where ¥, is part of the answer of player II at the move number i,
according to ¢]. To see that, let kK <w be such that i(n), i(n + 1) = k and
{a <k | fy+1(@) < fi(@)} EF,. By the rules of the game H(F, A) we see that
Yitn+1) < Yitny- QED Claim 4. Theorem 4

4.3. REMARKS.

(1) If we replaced, in Definition 2, H, by V,, then Theorem 4 would be true
for every ordinal A such that cof(4) > k.

(2) The clause cof(4) > k is not used in the proof of (3) — (1), since we can
take as model the set M = ((H;)* N V)/D [or ((V})* N V)/D]. It is used in the
proof of (1)—(2) to show that, if gEA* N V, then g EH, [or gE V], so that
Jj(g) be defined.
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(3) Let us keep the notations of the proof of (3) — (1), where we can assume
that M is transitive, since it is well-founded. Set 6 = On N M. Since
On N M = (A* N V)/D and since V[G] F |(A¥)" | = w, we see that § < (w,)"1%),
Hence, setting u = [(A¥) *]", we see that § < u. But, if we look now at the proof
of (1)—>(2), we see that, for FER, II has a winning strategy in the game
Hy(F, 2), while playing pairs (F;, ;) with y; <d.

Hence, for cof(1) > k, if Il wins Hz(F, A), then, for some ordinal § < (A*)*,
II has already a winning strategy in the game with the additional requirement
that all ordinals y, played have to be <4.

DEFINITION 5. k is semi-precipitous iff, for all A > «, k is A-semi-precipi-
tous.

4.4, REMARKS.

(1) It is clear that if x is A-semi-precipitous and g =< 4, then x is yu-semi-
precipitous.

(2) Set A = (2%)* and assume that x is A-semi-precipitous. Then: x is weakly
precipitous. To see this, let F be a normal filter on k such that F satisfies
condition (3) of Theorem 4. It is enough to show that F is weakly precipitous.
Let o be a winning strategy for player Il in H(F, 4). Then, clearly, the same o is
a winning strategy for player II in the game G(F, 4, On), and we conclude by
Remark 3.6(3).

We shall show later that weakly precipitous does not imply semi-precipitous.

(3) Assume that x is semi-precipitous. For all regular 1 >k, let R, be a
k-plain set satisfying condition (2) of Theorem 4. We can find a cofinal class
S C On and a k-plain set R such that, for all A €S, R, = R. Hence clearly, for
all A €0n and all F €R, player II has a winning strategy in the game Hy(F, 1).
Hence, the following are equivalent:

(a) x is semi-precipitous.

(b) For some k-plain R, for all F€R, II has a winning strategy in Hy(F, 1)
for all 1 €0n.

(c) For some normal filter F on k, II has a winning strategy in H(F, ), for all
AEOn.

5. Consistency results

THEOREM 6. Assume that O* exists. Then: every Silver indiscernible is
semi-precipitous in L.
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PRrOOF OF THEOREM 6. Let {¢; |i EOn} denote the canonical indiscern-
ibles for L. We shall show the following.

CLAM 1. L F “cqis ¢,-semi-precipitous”.

Let us show that Claim 1 implies the Theorem. For, we then have that, for all
a such that co<a<c;, L F “cyis a-semi-precipitous”. Since L, < L, we see
that L, F “c, is semi-precipitous”. Again because L., < L, we get that L F “c,
is semi-precipitous”.

ProoF OF CLAIM 1. Let m: L — L be an elementary embedding, such that
nl,=1Idl, n(c) =c,and n(c;)=c, Setj=m"' r.,- Hence, j is an elementary
embedding from L, into L., of critical point k, and jE V.

Set P = Coll(w, ¢;) = Coll(w, ¢;). Since #(P)* is countable in V, there
exists G € V such that G is P-generic over L.

CramM 2. L[G] k “there exists an elementary embedding j': L, —~ L, of
critical point ¢;,”.

ProoOF OF CLAIM 2. Let us, for a moment, work in L[G]. For i =1, 2, set
X.={(p,a) | pis aformulaand a€[L,]<“and L, F ¢[a]}.

Since |¢,| = w, we can find a family (4,), ., such that 4, C 4, ., |4;| <wand
L.=U{4|i<w).
Let T be the set of all partial functions p such that, for some i/ < w, the
following holds:
(1) Dom(p)=A4;and Rg(p)C L.
(ii) If (p, a)E X, and a €[4,] <%, then (¢, p(a))EX..
(iii) If @ <cyand a €A, then p(a) = a.
(iv) If ¢,€ 4;, then p(cy) > ¢p.
Ifp,g€T,weset pgiff pCqgandp #4q.
The existence of j shows that (7', <) is not well-founded in V. Hence, it is not
well-founded in L[G]. If b is a cofinal branch through T, it is clear that j*’ = U b
is an elementary embedding from L, to L., of critical point k. QED Theorem 6

The same kind of argument will give us the following.

THEOREM 7. Assume that A is a cardinal in V, such that V £ “k is A-semi-
precipitous and cof(A) > k. Then L k “k is A-semi-precipitous”.

PrOOF OF THEOREM 7. Set 0 = (4*)" and P = Coll(w, §) = Coll(w, 0)*.
Let G be P-generic over V. The proof of Theorem 4 shows the existence in
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V[G] of an elementary embedding J: L, — M of critical point x, where M is
transitive. It is clear that for some u €0n, M = L,. Since L;, L, €L[G], and
L[G] kE “|A]| = w™, we can apply the tree argument of the proof of Theorem 6
between L[G] and V[G] and find an elementary embedding j': L, — L, of
critical point x, such that j€L[G]. Since PEL, we conclude that x is
A-semi-precipitous in L. QED Theorem 7

5.1. REMARKs. Hence, from the existence of 0¥, we obtain a semi-precipi-
tous cardinal in L. However, it is easily shown that, if V=L, then a
semi-precipitous cardinal is strongly inaccessible. Indeed, it is easily shown
that, if V' =L and k is x*-semi-precipitous, then x is completely ineffable.
Hence, in order to obtain a semi-precipitous filter on «,, we have to do a
further forcing extension [where we say that a normal filter F on x is semi-
precipitous iff, for all 4 € On, player Il wins H(F, A)]. Hence:

THEOREM 8. Assume that x is a regular cardinal, and that P is a set of
conditions such that P has the k-antichain condition. Assume that 2. is a regular
cardinal such that A >x and A > |P|. Assume, moreover, that V k “x is
A-semi-precipitous”. Then, VT k“x is A-semi-precipitous”.

ProoF oF THEOREM 8. Assume not. Then, without loss of generality,
|Fe “x is not A-semi-precipitous™. Let, in V, 8 =z A*and Q = Coll(w, 6). Let K
be Q-generic over V. By assumption, there exists in V[K] an elementary
embedding j : H, — M of critical point x, where M is transitive. Without loss of
generality, VK] F “| M| = w” [if not, we could increase § in order to insure
this conclusion]. Hence, there exists a set G*€ V[K], such that G* is j(P)-
generic over M [it is clear that we can assume that PEH,, and that
#P(P) C H,]. Since P has the x-antichain condition in ¥ and sincej !, =1d',,
jtp: P—j(P) is V-complete. Hence, setting G =~ '(G*), we see that G is
P-generic over H,;, hence over V. j clearly gives rise to an elementary
embedding j*: H,[G] — M[G¥*], which is in V[K]. Since |P| <Ain V, we see
that H;[G] = (H,)"!. Hence, in order to finish the proof, it is enough to show
that

Cramm 1. V[K] is a generic extension of V[G].

PrROOFOFCLAIM 1. Let G € V @ be a term which realizes with probability
one the P-generic set G over V" which has just been constructed. Let us define,
in V, amap : B(P)— B(Q) setting, for a EB(P), h(a) = | a G ||*?. Since
G is forced over Q to be generic over V, k4 is a complete boolean morphism
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(and, for every Q-generic set K over V, h~/(K) = (G)y). It is, however, possible
that & be not injective. Hence, set

b=li?1(}pf)'{aEB(P)|h(a)=1} and B’={a€B(P)|a =b)}.

Since A is complete, 2(b) = 1. Moreover, it is clear that 4 1 ;. is injective. Now,
let K be Q-generic over ¥ and set G = (G ). Since (b)) = 1, we see that b €G.
Hence, G’=G N B’ is B’-generic over V and V[G]= V[G’]. But, since
h’ = h ! is injective and since (h")~'(K) = G’, we see that V[K] is a generic
extension of V[G’], hence of V[G]. QED Claim 1, Theorem 8

5.2. Consequences. Hence, from the existence of 0¥, we have deduced the
existence of a set-generic extension of L, in which w, is semi-precipitous,
hence weakly precipitous. Hence, the existence of a weakly precipitous filter
(even of a semi-precipitous one) on w, does not imply the existence of 0¥. Of
course we could, by Theorem 7, replace in this remark “0* exists” by “there
exists a semi-precipitous cardinal”.

5.3. Complements. We will now show that the existence of a cardinal x
which is (2)* *-semi-precipitous is, consistencywise, strictly stronger that the
existence of a k which is (2%) *-semi-precipitous. In particular, the existence of
a semi-precipitous cardinal is, consistencywise, strictly stronger that the
existence of a weakly precipitous cardinal.

THEOREM 9. Assume that V = L and that n is an integer such that 2 < n.
Assume that k is k" -semi-precipitous. then: there exists an o < k such that o
is a *"-semi-precipitous.

5.4. Comments. Assume hence that, in V, k is (2%)* *-semi-precipitous.
Using Theorem 7, we see that L k “x is k * *-semi-precipitous”. Using Theorem
13, we can find some a < k such that L F “ais « **semi-precipitous”. Since k
is strongly inaccessible in L, L, F “ZFC + « is a**semi-precipitous”. In
particular, L, F “a is weakly precipitous”.

5.5. PROOF OF THEOREM 9. Assume that x is k *" *!-semi-precipitous. Set
P =Coll(w, k*"*"). Let G be P-generic over V. By Theorem 4, we can find
some 4 €0n and, in V[G] (= L[G]), an elementary embedding j: L+»+1,—
L,, of critical point k.

Since x is x*"-semi-precipitous, we can find, by Theorem 4 and Remark
4.3(3), a normal filter F on x and an ordinal § < x*"*! such that player Il has a
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winning strategy in the game H(F, k") with the additional requirement that
he must play only ordinals y; <d. Let ¢ denote such a strategy. Due to the
bound J we see that, since n = 2, 6 € L,++,. In particular, 6 €L,. Hence,
L,k “o is a winning strategy for player II in the game H(F,x*")”. By
elementarity of j, for some a <k, L(,+»+ F “for some normal filter F’ on « and
some ¢’, ¢’ is a winning strategy for player II in the game H(F’, o *")”. It is
clear that the pair (F’, g’) satisfies the same statement in L. QED Theorem 9

5.6. REMARKS.

(1) Hence, winning G*(F, g) is a local property, i.e.: if player II wins
G*(F,(2%)%) then, for all A €O0n, he wins G*(F, 4).

(2) On the contrary, winning H(F, 4) is not a local property. Player II may
win H(F, (2%¥)*) without winning H(F, 2%*)**).

6. More on weakly precipitous filters

We have shown that semi-precipitous filters may exist in L, that the
existence of a semi-precipitous filter is already a “medium large cardinal”
axiom, and that a semi-precipitous filter on w, may exist in a set-generic
extension of L. Since we know much less about weakly precipitous filters, the
following theorem is not irrelevant.

THEOREM 10. Assume that k is a regular cardinal, that F is a weakly
precipitous filter on k and that P is a set of conditions which satisfies the k-
antichain condition. Then, V? k “the filter generated by F on x is weakly
precipitous”.

Before proving Theorem 10, we shall have to recall a few constructions and
lemmas.

6.1. Let X be a set. Let P be a set of conditions, and let us denote by A4 the
boolean completion of P. To each a€V“ such that |F,a C X, we can
associate a function h,EA* defined by the formula h,(x)= ||x€E€a |4
(for x EX).

It is clear that ||, a = (h,)~'(G), where G denotes the A-generic. Hence, the
correspondence between a and 4, is a bijection from {a €EV* | |, a C X}
onto A*. Moreover, this bijection is boolean, in the following sense:

ifa,b,ceV4, then |,a Nb=ciff h, nh, = h., where, for x EX, we set
(hy AR (X)) =h(x)Ahy(x)in 4.
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6.2. Now let, in addition, F be a filter on X. For f, g €A, set f <y g iff
{xEX|flx) S g(x))EF and f=; g iff {(x EX | f(x) = g(x)} EF.

Set A*/F = (A*/ =) (the reduced product). For f€AX, let [ f]r denote its
class in A*/F and set [ f1r = [g)riff f=rg.

Hence, A*/F is a boolean algebra, and we have a boolean morphism jr: 4 —
A*/F given by jr(a) = [cF]F, where ¢ : X — {a} is the constant function.

Moreover, it is a well-known fact that jr is complete iff, for some cardinal k,
A has the x-antichain condition and F is x-complete.

6.3. Now, let G be A-generic over V. In V[G], set
F;={(SCX|3EEF,ECS)

(the filter over k generated by F). Hence, F will be the term of V4 representing
F;.By6.1,
PX)NVIGl={h (G)YhEA* N V).

LemMA 11. Forh€A* NV, h™G)EF;iff, for somep €G, jp(p) < [h]s.

PROOF OF LEMMA 11. Assume that #~!(G)EF;. Then, for some EEF,
ECh™G). Take pEG such that p |-, B C h~'(G). Then, for xEE,
P ks h(x)EG, ie. p = h(x). Since EEF, we see that j-(p) =[h]r.. These
derivations are actually easily seen to be equivalences. QED Lemma 11

LEMMA 12. Assume that jr: A — A*/F is complete. Then, for all h EA* N
Vandall p€A — {0}, p |k h~(G)EF iffjr(p) < [h]r.

ProOOF OF LEMMA 12. The “if” direction follows from Lemma 11. Let us
hence prove the “only if” direction. Assume that p |, h~"(G)EF.Set D =
{49 = p | jr(g) = [h]r}. By Lemma 11, D is dense beneath p in A. Since jr is
complete, we see that j-( p) = sup({jr(q)/gED}) =[h]s. QED Lemma 12

6.4. Let us still assume that j.: 4 —A*/F is complete. Let n7: A*/F — A
denote the normal projection associated to the complete embedding j.

LEMMA 13. Let h€A*NV. Then: |h~YG)EWF)* ||* = nx([h]F).
Hence, h~(G)E(F;) " iff np([h]F)EG.

ProoOF oF LEMMA 13. Define a function g€A4* N V setting, for xEX,
g(x)=1— f(x) (in 4). Take pEA. By Lemma 12, we see that p |- A~ (G)E
(F)*iff p |- g~ (G)& Fiff (Vg = p)lg ¥ 8" (G)EF]iff (V q = p)jr(9) 2(8)r]
iff (Vg = p)ljr(g) A[h]s>0]. i

Hence, summarizing, p |- A~ '(G)EF)™* iff (V¢ = p)jr(q) A[h]r > 0].
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In order to conclude the proof of Lemma 13, we hence need only the
following:

CLamM 1. Assume thatj: 4 — Bis a complete morphism between boolean
algebras, admitting an associated normal projection 7 : B — A4, Take p& A4 and
beB. Then: (Vq = p)[j(g)Ab>0]iff p = n(b).

ProoF oF CLAIM 1. Assume that (Vg =< p)[j(g) A b > 0], but p £xn(b). For
some ¢, 0 <q = p and ¢ A7n(b) = 0. Hence, j(q) A b = 0, for, if not, it would
project on an element r €4 such that r < g, n(b). The converse is clear.

QED Lemma 13

6.5. Proof of Theorem 10. Hence we let F be, in V, a weakly precipitous
filter on some fixed regular cardinal k. Let A denote the boolean completion of
P, and let G be 4-generic over V. We have got to show that, in V[G], F; is a
weakly precipitous filter on x.

Let 8 be an ordinal such that V[G]F“@is a cardinal and § = (2%)*”. By 3.7,
it is enough to show that player II has a winning strategy in the game G*(¥;, 6).
We shall now describe such a strategy.

By 3.7 there exists an ordinal J such that, in V, player II has a winning
strategy in the game G(F, 6, 6). Let o b a fixed winning strategy for player Il in
this game (in V). We shall actually construct a winning strategy (in V[G]), for
player II in the game G(F;, 6, 6), say &. Assume that, in V[G], I plays, in
G(Fy, 6, 6), a pair (X,, f;), where X, E(F;)* and f, : k — 0. Set F,= F.

Let h,€E4* N V be such that X, = (k) '(G) and, applying the maximum
principle in V, let w, €(V*)* be such that

(a) for all a <k, (W(a))¢ = fi(e),

(b) for all a <k, |4 “w(a)EOn and w(a) < 8.

CramM 1. There exists, in V, a function A*¥*€A4*, a function g,€6*, a
normal filter F, over kx and an ordinal o, < d such that:

(1) forall a <k, h¥(a) = h(a),

(2) for all a <k, if h¥(a) > 0, then Af¥(a) [F4 Wi(e) = (8)(@)) ¥,

(3) () UG)E(F ),

(4) if we set 4, = {a <« | h¥(a) >0}, then (F,, a) = 6(4,, &)

ReMARrkK. Since (h¥)~(G) C A4,, point (3) shows that 4,E(F,)*; hence,
o(A,, g,) is defined.

ProoF oF CLAIM 1. As in the previous sections, we define 4*/F and
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Jr: A —A*/F. Since F is x-complete and A has the k-antichain condition, j is
complete. Hence, we shall denote by 7 its associated normal projection.

Set p, = ne([1]r)- By Lemma 13, p, € G. Hence, in order to prove Claim 1, it
is enough to show that the following set:

D={p€E4 | there exists h¥, g,, F), a, satisfying points (1), (2),
(4) of Claim 1 and such that 7 ([h*];) = p}

is dense in 4 beneath p,.

For, if this is the case, since G is generic and p, € G, we can find A¥, g, F,
satisfying points (1), (2), (4) of Claim 1, such that 7 ([#*];) E€G. By Lemma
13, this implies that these four objects satisfy point (3) of Claim 1 as well.

To show the density of D beneath p,, take g €A, such that 0 <gq = p,.
Hence, je(q)A[m]r>0. Set 4, ={a<k|gAh(a)>0). Hence, 4,EF*.
Define g, €60~ and h* € A* as follows:

(a) if a €A, h¥(e) =0 (in A) and g,(a) = 0 (in On),

(b) if a € A,, then h¥(a) and g,(e) are chosen in such a way that

0<h¥a)=gnh(a) and hi(a)|Fi(gi(a)” = wia).

It is clear that conditions (1) and (2) of the claim are satisfied. Since 4,EF ™,
we can set (F,, a;) = 0(A4,, g,). Hence, condition (4) is satisfied too. Finally, let
us set p = mz([4*]). In order to finish the proof of Claim 1 we only need to
show that 0 < p = q. Since 4, EF, [hf]r, > 0, hence p > 0. On the other hand,
for a€A4,, hf(a) =g, and hence [hf]r, =jr(q), which implies that p =
nr(jr(q) =4q. QED Claim 1

BAck TO THE PROOF OF THE THEOREM. Hence, let us choose a quadruple
(F,, g, h¥, ) satisfying Claim 1. The answer of player II by & to (X}, f;) in
G(Fy;, 6, 6) will be

(X, /) = (FELAH HG)), ar) = (H), ),

say. This has a sense, since ()~ (G)E(F)*.

We shall now show how to construct the answer by & to the second move
(X,, 1) of player I in G(F, 6, 6).

Note that, since the G-game is an open game, we can always assume that o is
a positional strategy, i.e., that the value of o depends only on the last move of
player 1.

Without loss of generality, we can assume that X, C (h*)~!(G) and that,
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for all € X,, fa) < fi(a). Let, as before, w,&€(V4)*N Vand h,€EA*N V be
such that

(a) for all a <k, (Wy{a))g = fo(a),

(b) X, =(h)"'(G),

(c) forall a <k, hfa) = h¥a),

(d) foralla<k, |, “if € (h,) “Y(G), then wy(a) < wia)”.
Using a density argument identical to that of the proof of Claim 1, we can find
a quadruple (F, g,, h¥, ;) satisfying Claim 1 with 1 added to every index.
Hence, §(X,, f;) will be defined as (F3[(h¥) " 1(G)], ay). It is clear that we can
continue in this way, and that the strategy & just described is winning for player
Il in G(F, 6, 6). QED Theorem 10
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